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A function f(x) is said to be completely convex in an interval if it is real-
valued and has derivatives of all orders (is of class C ) and if
(- 1)"f2')(x) > 0 in that interval. D. V. Widder has shown that a
completely convex function coincides in its interval of definition with an
entire function of growth not exceeding order one and finite type.' One of
the present authors has given a new proof of this theorem;2 the other, a
generalization.3 In this note we give a much wider generalization, which
also contains some results of S. Bernstein. This generalization was started
by an (unpublished) note of the first named author, where a part of
Theorem 2 (stated below) was proved, namely that f(x) is entire and of
finite order in case (I).
THEOREM 1. Let {nk} and {qk4 be sequences of positive integers, {nk}

strictly increasing. Let f(x) be real-valued and of class C in -1 < x . 1.
For k = 1, 2, . ., let f("k) (x) and f(nk +2Ik) (X) not change sign in (-1, 1), and
let

f(nk) (X)f(nk + 2qk) (x) < °(1

(I) If nk - nk-1 = 0(1) and qk = 0(1), then f(x) coincides in (- 1, 1)
with an entirefunction of growth not exceeding order one andfinite type.

(II) If nk - nk-1 = O(nk6), qk = O(nk5), and ql + q2 + * + qk =
O(nk), where 6 is fixed, 0 < 5 < 1, then f(x) coincides in (- 1, 1) with an
entire function offinite order not exceeding 1/(1 - 6).

(III) If nk - nk-1 = o(nk), qk = o(nk), and qj + q2 + * + qk =
O(nk), thenf(x) coincides in (-1, 1) with an entirefunction.

This theorem contains (for qk = 1) certain results of S. Bernstein,4 who
derived them on the more restrictive hypothesis that no derivative of f(x)
changes sign in (- 1, 1). An interesting special case (where 2qk = nk + 1-
nk) is the following, a direct generalization of Widder's result.
THEOREM 2. Let Ink } be a strictly increasing sequence of positive even

integers. Letf(x) be real-valued and of class C' in (- 1, 1), and let

(_ 1)kfl'k)(X) > 0 (k = 1, 2, .. .). (2)
(I) If nk - nk -I = O(1), f(x) coincides in (-1, 1) with an entire function

of growth not exceeding order one and finite type.
(II) If nk - nk-1 = O(nk5), 0 < 5 < 1,f(x) coincides in (- 1, 1) with an

entirefunction offinite order not exceeding 1/(1 - 5).
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(III) If nk - nki1 = O(nk), f(x) coincides in (- 1, 1) with an entire
function.
THEOREM 3. The results stated in Theorems 1 and 2 are "best" results in

the following sense:
(I, II) Corresponding to a given 6, 0 < a < 1, we can construct an increas-

ing sequence ink} of even integers and an entire function f(x) such that (2)
is satisfied, (nk - nk -1)nnk tends to a positive limit, and f(x) is exactly of
order 1/(1 - 6).

(III) Corresponding to a given positive e we can construct an increasing se-
quence Ink of even integers and a function f(x), analytic in (-1, 1), such that
(2) is satisfied, (nk - nk - )/nk tends to e, but f(x) is not entire.
Our proof of Theorem 1, which we give in outline, depends on the follow-

ing lemma.
LEMMA. If, in -1 . x _ 1, g(x) is real-valued, of class CP + 2q and

satisfies

Ig(X)|I' M, g(P + 2q) (X) < Of

then

g("P(x) . AP + 2q (p + 2q)"M
in (-1, 1), A being an absolute constant (independent of the positive integers
p and q and of the function g(x)).
By Taylor's theorem with remainder,

g(p)(x) xgg(p)() + 1) (O) +slg(P + 2q-1)(0) x2qg(p +2q)( ),g~"~(x) g~"~(O) + + (2q -1)! (2q)!

where -1 < t < 1 since - 1 _ x < 1. By hypothesis, the remainder is
not positive and g(P + 2q-1) (x) is monotonic. Therefore,5 in - 1 + h . x <
1 - h, where 0 < h < 1,

1 4p + 2q-1lg( +2 - )(X) I_ (p + 2q - 1)! 1(4)4

Hence we deduce, by a theorem of A. Gorny,6 inequalities for Ig(v)(0)1,
v = 1, 2, .. ., p + 2q - 2; from these, the lemma follows.
To prove Theorem 1, denote the maximum of f(n) (x) in (- 1,1) by

M,. We apply the lemma to g(x) = I f k-I(x), with p = nk-n l and
q = qk. We obtain

Mnk - Ank k-1k+2qk (nk - nk-1 + 2qk) fk -k-1Mnk-1

Discussion of this recursive inequality gives appropriate upper bounds for
Mn2, Mn . . . From these we pass, by the same theorem of Gorny, to an
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appropriate upper bound for If(8)(x)I in- 1 + e < x < 1 - e, n = O, 1,
2.
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1. In a previous communication' the author introduced the problem:
to characterize the possible regular orderings of a natural system. A
complete characterization was there given for the simplest non-trivial
case, the natural system N2 (containing exactly 2 primes). In the present
paper a statement of the solution of this problem for the general case Nk
(k primes, 1 $ k bko)2 and also that of the principal lemma are given,
without proofs.

2. A natural system (with unit) 3 is an abstract system (N, o) with single
composition o (called simply "product") satisfying (1°)-(7°) (in which, as
elsewhere, aor is abbreviated by O-T). For all elements a-, T, s of the class N

(10) or is a unique element of N.
(20) o-(rp) = (o-r)jo.
(30) ar = ro.
(40) N contains a unique unit element e: (e a = a- e = a).
(50) N contains at least one prime (= irreducible) element ac # e: (a =

o implies sp = e or y6 = e).
(60) Each element # e of N can be-expressed as the product of (a finite

number of) prime elements in exactly one way.
(70) N is a denumerably infinite class.

The abstractly distinct natural systems may be listed as N1, N2,
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